Micron sized rectangular ferromagnetic bars have a variety of spin excitations, including a quasi-uniform mode, horizontal and vertical standing spin wave modes, and edge and corner modes. When driven by a strong microwave field, these modes differ from those found in the linear regime. For example, the resonance field or frequency becomes amplitude dependent. We study the nonlinear spin dynamics in such microstrips both experimentally and theoretically for a geometry where the static magnetic field is perpendicular to the plane of the sample. Experimentally it is found that, at a fixed microwave frequency, the resonance field for the uniform mode is significantly reduced as the microwave power is increased. In contrast, the resonance fields for the standing horizontal spin wave modes are only slightly reduced. This behavior is confirmed theoretically using micromagnetic calculations, and an intuitive explanation for this behavior is developed.
I. Introduction
The dynamic properties of ferromagnets and ferrimagnets have been studied for many years using ferromagnetic resonance (FMR) techniques. A particularly interesting feature of FMR is that it can provide detailed measurements of a complex nonlinear system by supplying sufficient power to drive the precession angle of the spins into the large amplitude regime.
Early observations of nonlinear effects in magnetic systems were demonstrated in Yittrium Iron Garnet (YIG), when it was discovered 1 that the resonance saturated at surprisingly low power. This behavior was subsequently explained by Suhl 2 , and subsidiary absorptions were observed confirming the presence of Suhl's instabilities. An excellent summary of these early studies and related theory can be found in a review article by Patton 3 . Since that time there have been many studies on the nonlinear behavior in magnetic materials. For example, bright and dark solitons have been observed in feedback rings fabricated from YIG 4 , and chaotic solitary spin wave pulses have also been produced. 5 Excellent summaries of nonlinear effects in ferromagnetic resonance studies of garnet materials are available. 6, 7 Until recently studies of nonlinear phenomena in magnetic systems were carried out in YIG, or in closely related materials. The reason is that the narrow linewidth of these samples allowed a large nonlinear response (mostly near resonance) at modest applied microwave power. Recently there have also been studies of nonlinear behavior in metalsmetallic systems where the effective damping is significantly reduced through the spin torque transfer effect. 14 With the improvements of growth and patterning techniques, attention has turned to the dynamic magnetic behavior in micron and nanometer sized objects. For example, in small ferromagnetic bars, one observes a variety of excitations 15, 16 . These include a quasi-uniform mode (often called the FMR mode because of its large absorption of energy), localized edge modes, and horizontal standing spin wave modes. The linear and nonlinear behavior of these modes is a field of active investigation. 17, 18, 19, 20 The high quality of some new measuring techniques allows us to do measurements on the nonlinear behavior of both the FMR mode and the individual horizontal standing wave modes in a small micron-sized ferromagnetic bar. We consider the case where the magnetic field is applied perpendicular to the plane of the sample. We find that, at a fixed frequency, the resonance field of all the modes decreases as the microwave field is increased. However, there are substantial differences in the width and position of the resonance for the different modes, and in their position as a function of microwave power. We present both experimental and theoretical results in our examination, and show through a simple argument why the nonlinear behavior is different for the different modes.
II. Experiment
The experimental principle and setup configuration is described in detail in Ref [21, 22] The lock-in technique significantly enhances the signal/noise ratio, which enables us to detect a voltage signal weaker than 10 nV. This high sensitivity of the electrical detection enables us to see up to 6 quantized modes.
In In Fig. 2b , we show, using a color map, how this voltage spectrum changes as the input power is increased. At the fixed frequency of 4 GHz we see a series of vertical lines at low power. These lines show the resonant fields for the FMR mode, the intense line at the right hand side, and the different horizontal standing waves. As the power in the waveguide is increased the oscillating microwave field is increased and the lines bend to the left so that resonant (static) field is reduced. The largest shift is for the FMR mode; the horizontal standing spin wave modes have a smaller shift. We will present a simple explanation for this behavior in the next section. As a consequence of the difference in the shift, the horizontal standing spin wave modes merge into the FMR mode at higher microwave powers as clearly demonstrated in Fig. 2(b) , where the FMR merges with mode B at about 40 mW. We note that color map also shows that the FMR peak (as seen in Fig 2a) becomes highly asymmetric, with the intensity sharply increasing on the low field side of the resonance and then decreasing with a broad tail on the high field side, which can be attributed to a so-called foldover FMR effect as detailed in the discussion in 
III. Micromagnetic Simulations
To obtain the key behavior of the nonlinear driven system, we use a very simple structure for the numerical calculation for the Py film as shown in Fig. 4 . In this problem, we do not consider standing waves along the long axis nor through the thickness. The structure is divided into 128 cells in the x direction. This allows a good description of the longer wavelength standing waves which are seen in the experiment.
We have done individual calculations with both a larger and smaller number of cells in the x direction; the results are essentially the same.
The dynamic micromagnetic calculation uses the Landau-Lifshitz (LL) equation
to find the magnetization of each of the cells as it evolves through time. The LL equation is as follows:
where M is the magnetization of the cell and eff H is the effective magnetic field present in the cell and is given by Here T is the oscillation period of the driving field, ) t ( M is the magnetization in a single cell and ) t ( h d is the driving microwave field in the same cell. One then has to sum over
all cells in the magnetic structure to obtain the total absorbed power. In the nonlinear problem there are some additional considerations. First, as one scans over the values of the static magnetic field there will be some initial transients at each new field, and one must wait for these to die down before a calculation is made. Second, because the system is nonlinear, all the relevant behaviors will not be evident in a single period. One must, therefore, collect data over many periods in the hope of capturing all typical motions. We see a series of peaks, with the largest one (the FMR peak) at the highest field value.
The FMR peak is substantially larger than that of the standing wave modes, as is found in the experiment. calculations. In particular, one notes that at low microwave fields there is no shift in the resonance field. As the microwave amplitude is increased, the resonance fields shift down with the largest shift occurring for the FMR mode.
We can obtain a good physical understanding of this behavior through a simple argument relating to the precession angle. The resonance field for the perpendicular geometry is given by the simple expression
for an infinite slab. The finite dimensions of the bar will shift the resonance field to lower values but the effect is small and depends on the ratio of the thickness to the width. The usual argument for the power-dependence of the position of the FMR mode is as the power is increased, the precession angle increases, the z component of M decreases, the static demagnetizing field decreases, and thus the FMR field decreases. We note that a similar argument is also often invoked for the in-plane ferromagnetic resonance.
Although it gives a reasonable qualitative understanding in some cases, the in-plane situation is more complex because of other modes degenerate with the FMR mode and the behavior of resonance field as a function of input power can even be nonmonotonic.
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The same considerations (an increase in precession angle leading to a decrease in the demagnetizing field and the resonance field) hold for the horizontal standing spin waves except for two features:
1) The amplitude of the standing spin waves is smaller than for the FMR as indicated in 2) For the horizontal standing spin waves, the static demagnetizing field is not uniform.
In the uniform mode, there is a nearly uniform distribution of surface magnetic charges causing a nearly uniform demagnetizing field as illustrated in Fig. 7a . For a standing mode with a half wavelength, as seen in Fig. 7b for example, we would have a nonuniform distribution of charges. Nonetheless, all the charges on one surface have the same sign even though there is a node in the middle of the film. Here all the magnetic surface charges on the top surface are positive and all of the charges on the lower surface would be negative. So, the demagnetizing field may not be uniform, but an increase in the precession amplitude will still cause a general decrease in surface charges and should lower the resonance field.
In the experiment, the oscillating field is produced by the ac current in the signal line. A simple estimation shows that one can expect a significant decrease in the amplitude of the microwave field across the width of the Permalloy sample. It is for this reason that we have used a nonuniform microwave field in the examples above.
Nonetheless, it is interesting to see what would happen with a uniform microwave field. standing modes which are odd cannot be excited by the uniform microwave field. In the nonlinear limit however this may change. We note that the standing modes may hybridize with an edge mode to produce an asymmetry that allows energy absorption for the odd modes. Despite the differences in the two cases, the general trends found earlier -the reduction in the resonance field as the microwave power is increased -is clearly seen in Fig. 8 as it is in Fig. 5 and 6 .
The results presented above considered the total power absorbed in the microstrip and were obtained using a simplified structure as discussed earlier. The advantage of this is that the numerical computations are significantly shorter. However, it is also helpful to calculate the distribution of power absorption across the width of the strip. These calculations required extensive computational resources and were obtained using the NIST software package known as OOMMF 24 
IV. Summary
We have studied the nonlinear ferromagnetic dynamics of the uniform mode and the horizontal standing spin wave modes in a micron sized rectangular Permalloy bar.
The magnetic field is applied perpendicular to the plane of the sample. Experimentally it is found that the resonance field for the uniform mode is significantly reduced as the microwave power is increased. In contrast, the resonance fields for the standing horizontal spin wave modes are only slightly reduced. Using a micromagnetic calculation for the power absorbed, we show the same general behavior theoretically.
These results can be understood intuitively through a simple model. As the precession angle becomes larger, the demagnetizing field from the z component is reduced, which leads to a reduction in the resonance field. This is true for both the FMR mode and the standing spin wave modes, however the amplitude of the standing modes is smaller, leading to a smaller reduction in the resonance field. We also point out that the hybridization of the standing modes with an edge mode can change the absorption spectrum, particularly in the nonlinear limit.
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